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4, An experiment was carried out with the view to determining the difference in the
amplitude of signals produced by waves propagating up- and downward in a medium,
Short pulse signals (10 -20 and 60 - 80 nsec)were simultaneously applied to the two two-
meter long aluminum rods fixed in the same manner and insulated by brass tubes, Pulses of an
amplitude of 1 -2 V were supplied to piezoelectric transducers attached to rod ends and
completely insulated, Signals were fed to the bottom of one rod and to the top of the
other, For maximum attenuation of wave reflection the rod ends were damped by rubber,
The amplitude of the output signal was of the order of 0,5-1,5 mV,

This experiment had shown that when the acoustic wave propagates upward, the ampli-
tude of output voltage was 1,2 -1, 5 mV, while in the case of wave propagating down-
ward this amplitude was 0,4 - 0,5 mV, The results of derived solutions were thus quali-
tatively confirmed, It is interesting to note that the accuracy of this experiment was
sufficient for demonstrating the investigated phenomenon in spite of the small length of
the rod,

REFERENCES

1, Staniukovich, K, P,, Unsteady Motion of Continuous Media (English transla-

jon), P Press, Book N¢ 09320, 1960,
tion), Pergamon Press, Book N¢ 09320 Translated by J. 1. D,

UDC 534, 2

APPROXIMATE EQUATIONS FOR WAVES IN MEDIA
WITH SMALL NONLINEARITY AND DISPERSION

PMM Vol, 38, N1, 1974, pp,121-124
L. A, OSTROVSKII and E, N, PELINOVSKII
(Gor'kii)

(Received February 7, 1973)

The method of simplifying systems of equations with small nonlinearities and dis-
persion is considered, Such systems differ from the linear hyperbolic system by a
certain integro-differential operator with a small parameter, Method is based on
the reduction of input equations to the normal form and subsequent recurrent pro=
cedure, In the case of a wave propagating along one of the characteristics of the
system (single-wave processes) the first approximation by this method leads to
known Burgers, Korteweg-de Vries, Klein-Gordon, and others equations which were
first derived for specific physical models, and later for a more general system of
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nonlinear equations [1, 2], However the proposed method can be applied to
multi-wave interaction, when waves corresponding to two or more characteristics
of the system are taken into consideration, It is also shown that in the case of
single-, as well as multi-wave processes the order of simplified equations increa~
ses with the order of approximation, and the increase is different for systems with
high and low dispersion frequencies (when the small parameter is contained in
terms with higher derivatives or those containing integrals of the unknown func-
tion, respectively),

Let us consider a system of the form

0u/ 6t 4 B (v, p) Vu = eF {u) 1)
(v =7+ ¢t, p =po+ er, e 1)

where u is the N-dimensional vector of field variables, B = {B,, B, B} isthe

set of three square matrices, F are specified, generally nonlinear integro-differential

operators in terms of r and { which depend on &, T and p. We assume that all eigen-

values of matrix B are real, i, e, that for ¢ — ( system (1) is hyperbolic (it will be-

come clear subsequently that this condition need not necessarily be satisfied, since only

the existence of 7 < /V real characterisitcs of system (1) is necessary when ¢ = 0).
For ¢ — 0 the solution of system (1) is of the form of plane waves

u=U, +$U (t —Vr/V? (2)

where [/, and U are arbitrary constant vector and scalar function, respectively, which
are determined by boundary and initial conditions, and ¥ is the right-hand eigenvector
of matrix B, which corresponds to the eigenvalue of V

VBy = V%), Det|VB —V2| =0 _ (3)

To examine the more general class of quasi-plane waves propagating along the x -axis
for £ 5= 0 we reduce the input system (1) to the normal form (cf, [3]) by substituting
the variables

u=7Yv (4)

where Y is a square matrix composed of linearly independent eigenvectors of matrix
B= B, . We obtain

& AT 0 g+ eC (T o) v =Y [F— [+ BYY o] =¢f (9
( C=Y"'B)Y, B, ={By, B}, Vi= ‘{73%, -562—})
where A is a diagonal matrix with elements Vi, ...Vy,and Y-!is the inverse of
matrix Y.

The conversion to system (5) considerably simplifies the construction of the scheme
of successive approximations with respect to parameter &. The unknown function, in
accordance with (4) and (5) is a superposition of "almost traveling” waves, each of which
propagates along one of the characterisitcs, Boundary or initial conditions are in a num-~
ber of cases such that for ¢ =0 only r << N waves v; (z — V;t) or even only one
wave are induced in the medium, For example, in the case of a specified wave from
region x < 0 impinging on the boundary of a semi~-infinite medium (z > 0) all



106 L.A.Ostrovskii and E.N.Pelinovskil

characteristics with 7 << 0 are excluded from the analysis in the first approximation,
Another example is the problem with initial conditions in the form of localized pertur-
bation which decomposes into pulses propagating along characteristics without overlap-
ping, so that for reasonably long 7/ each of these can be examined independently, It is
possible to separate in similar cases r "principal” variables among components of vec-
tor v and calculate the remaining ' — r components, which are small, by using the
theory of perturbations, As the result in each (m- th) approximation with respect to the
small parameter € Egs, (5) are divided into two groups: r equations of the form

ov, Jv. . i
- FVi(n0) 5 +e 2 G, 0) Vv =ef; (v, 0", e} — (6)
¥
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It is evident that (7) asymptotically decomposes into N — r independent first order
equations with known right-hand parts; as the result the construction of the approximate
system (6) reduces to iterations, We note that this scheme of derivation of simplified
equations is simpler than that presented in [1, 2] even in the case of single wave prob-
lem,

Let us consider the structure of the right-hand side of (6), In the first approximation
it is necessary to calculate function f; appearing there for ¢ = (, i.e. tosetv, = 0.
For a given r the order of first approximation equations is obviously dependent on the
form of functional F in the input system (1), In many important cases # can be pre-
sented in the form of a sum of derivatives of integrals of certain functions of the unknown
variable, A similar presentation of f is obviously possible, The first approximation
equations are then of the form

ks 2 GV v+ ..+ SSh(f” dz + b + (8)

oniV) aahg” o°nY

dx e dx Te J.w3
where /(™ is a function of v; and all derivatives with respect to ¢ are eliminated by
using (6). In the simplest case only function A(1) is nonzero, which relates to a nondis-
persive medium, If in addition to AQ function A (“viscosity") or A®) (high frequency
dispersion) are nonzero and the latter are linear with respect to v and A ~ v 2, then
for =1 the known Burgers and Korteweg-de Vries equations follow from (8), The A0
term defines "low-frequency losses”, Finally, when function h{-1V) is nonzero, then dif-
ferentiating (8) with respect to ¢ and eliminating 9%/9zdt¢, we obtain for r =1 the
Klein-Gordon equation, In the nonlinear wave theory each of these equations defines in
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the single~wave approximation the simplest form of nonlinear, dispersion, and dissipative
properties of a medium, It will be seen from (8) that similar equations can be written
for any number of interacting waves,

In subsequent approximations, e, g, in the m«th one, function f is calculated by known
p,™-1 to within gm™-1,Since V, does not coincide with any of the V'; (owing to the
hyperbolic properties of system (1)), V, is determined as an integral of the right~hand
part of Egs, (7). The substitution of p, into (6) shows that the order of system (6) increa~
ses, generally speaking, in each approximation, although the increase differs depending
on the form of functional F,

Let initially F o0 v / dx, then terms of the kind

of
9 (00]3x) 0z
lead to the appearance in the second approximation of the term dv; / dz in (6). This
also takes place in higher approximations, Hence for a nondispersing medium the order
of system (6) does not increase,

If F oo 0% / dz°, then in every approximation the order of system (6) increases by r
and because of af v,
terms 0% / 8z appear in the second approximation, and so on, Corrections of this kind
to the Burgers equation in acoustics were obtained in [4], The term with &% / dz® in-
creases the order by 2r , and so on,

If, however, F oo v, then we obtain in the second approximation S vdz , and integ-
rals of increasing multiplicity appear with increasing approximation order, This also
relates to all cases, when F contains integrals of v (for F oo § vdz the multiplicity
of integrals increases by 2r and so on), Thus the increase of the order of approximate
equations for systems with high- and low-frequency dispersion (dissipation) is not the
same, While in the first case the order of derivatives increases, in the second it is the
multiplicity of integrals, The "border-line” case is that of the nondispersing medium,
when the small parameter at the first approximations in (1) and the order of system (6)
do not vary in any approximation,

Finally, because of the presence of C;,V, v, a term of the kind A, \vdz, which is re-
lated to the diffusion approximation for paraxial nonsinusoidal beams (first investigated
in acoustics [5]), appears in (6),

We also note that power of nonlinear terms increases, as usual, with the order of appro~
ximation,

We note in conclusion that the transformation of the input system to approximate equa-
tions (6) often simplifies the choice of optimum methods of their solution, Thus, if in the
first approximation the solution of (6) is in the form of a set of stationary waves, methods
of averaging may be applied in the subsequent approximation [8, 7].

The authors express their appreciation to A, V, Gaponov anf L, G, Khazin for useful
comments,
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The problem of impression of a stamp with narrow rectangular base into an
elastic isotropic half-space under the effect of a vertical force is considered,
This problem has been studied in [1, 2]. Asymptotic properties of the integral
equation obtained, which goes over into a singular integral in the limit as the
beam width diminishes permitting substantiation of the known Zimmerman-
Winkler hypothesis, were established in [1], An approximate solution of the in-
tegral equation from [1] was given in [2], A brief survey of the research devo-
ted to the problem of impressing a rectangular stamp is contained in [2, 3], A
more complete method of solving this problem is proposed below,

1, Let us consider a stamp in the shape of a narrow rectangle of length 24 and width
20, where ¢ — 8 / a << 1. Let a vertical force P impress this stamp into an elastic
isotropic half-space z > 0. The force P passes through the center of gravity of the
stamp and is directed along the z-axis,

Applying a two-dimensional Fourier integral transform to the Lamé€ equilibrium equa-
tions in rectangular zyz coordinates, we find

o oo

w(z,y,0) = J;jg 5 (@2 4+ B 5; (0, B, 0) €7 PV dodg  (1.1)

Here E, Vv are the Young's modulus and the Poisson's ratio of the material of the elas-
tic half-space, respectively, w is the projection of the displacement vector onthe Z -
axis, 0;  is the two-dimensional Fourier tranform of the normal stress 0,. Formula(1,1)
is valid under the condition of no shear stresses on the half-space boundary (at z = 0) ,
This formula establishes the connection between vertical displacements of the half-space



